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INTRODUCTION 

This report documents an analytical technique that was originally developed 
to evaluate the critical sting divergence dynamic pressure of an existing 

wind tunnel model support system that included a dummy sting strut that was 

added to study sting interference effects. The critical sting divergence 

pressure can be defined as the dynamic pressure where the aerodynamic loads 

on the model(s) exceed the elastic restoring force developed by the model 

support system. The analytical technique that is included in this report 

can also be applied to evaluate the critical sting divergence pressure of 

other types of compound sting systems. A s  used in this report, a compound 

sting system is categorized as either a parallel or a tandem model support 

system, see Figures 1 and 2, and the implied reference is relative to the 
respective arrangement of the models. The same analytical technique 

applies to both arrangements and the only difference in evaluating results 

for the different sting systems would be from the numerical differences in 

the deflection influence coefficients and/or aerodynamic loads that are 

used for input. 

In general, a compound sting systems consist of two model support systems 

that are coupled together such that the loads on one of the models can 

affect the deflections of the other. If considered alone, the aerodynamic 
loads and elastic forces on either model and model support systems are not 

as critical as when they are combined to form a compound sting system. 

Previously used analytical techniques do not account for simultaneously 

considering the aeroelastic coupling between adjacent lifting bodies. The 

worst case condition is when the elasticity of the stings are coupled 

together to form a ”compound sting system” and the result is a lowering in 

the sting divergence dynamic pressure which is the subject of this report. 

To evaluate the minimum sting divergence dynamic pressure of a compound 
sting system, using the equations in this report, requires that the 

flexibility of the model support system and that the aerodynamic loads be 



defined in advance. The specific input that is required include the 

rotational deflection influence coefficients that define the model support 

system and the aerodynamic characteristics that produce the loads on the 

mode 1 s . The rotational deflection influence coefficients must be 

determined in terms of the normal force and pitch moment and must be 

referenced to the same location about which the aerodynamic loads are 

defined. In most cases the aerodynamic loads that act in the vertical 

plane are sufficient but if the loads in the horizontal plane are to be 
included, they should be combined with the vertical loads and a worst case 

load condition determined. Typically the loads that are used in the 

equations in this report are the rate of change of normal force per unit 

angle of attack and the rate of change of the pitch moment per unit angle 

of attack which all act in the vertical plane. Generally the coefficients- 

that define the rotational flexibility of the model support system are 

determined for the extreme forward end where the model(s) attach to the 

model support system and for consistency the aerodynamic loads must also be 

defined at this location. If the aerodynamic loads are referenced about 

some other location, the loads must be transposed from the reference 

center of the model(s) to the extreme forward end of the model support 

sys tem . 

A sample problem is included in Appendix B to illustrate how the results in 

this report can be applied to determine the critical sting divergence 

dynamic pressure of a typical compound sting system and includes the above 

mentioned process of transposing the aerodynamic loads. 
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DERIVATION OF GOVERNING EQUATION 

The deflections of two bodies that are supported by a sting system, such as 

shown in Figure 3, can be expressed in the form of a matrix equation. The 

loads are due to the aerodynamics that act on the bodies and in general are 

dependent on the angles of attack of the bodies. Such matrix equations 

where the loads are deflection dependent are known as characteristic value 

problems and can be solved for the characteristic value that satisfies the 

matrix equation. For this application the characteristic value would be 

the dynamic pressure khat results in divergence of the sting system. The 

following is the general matrix equation, that defines the aeroelastic 

deflections of two bodies that each have a translational and a rotational 

degree, of freedom, in terms of a deflection influence coefficient matrix 

and an aerodynamic load vector: 

X 1 all a12 "13 a14 

a21 "22 a23 a24 

a31 a32 a33 &34 

a41 a42 "43 a44 

The coefficients in the aerodynamic load vector on the right side of the 

above matrix equation can be defined in terms of the rate of change in the 

lift and pitch coefficients, respective reference areas and chords, angle 

of attack of the respective bodies, and a general dynamic pressure term. 

This description of the aerodynamic load vector can be expressed as the 

product of an aerodynamic load matrix and the deflection vector as follows: 

X 
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Substituting this description of the aerodynamic load vector into the 

general matrix equation that defines the aeroelastic deflections provides 

all a12 a13 a14 '~ y2 = II(1 a31 a22a23a24~ a32 a33 a34 X 

02 a41 a42 a43 a44 

Combining the square matrices produces the following characteristic matrix 

equation that can be solved for the characteristic value Q 

The following alternate form of the characteristic matrix equation is 

obtained by transferring the left displacement vector to the right hand 

side of the equation, premultiplying it by an identity matrix, and then 

additively combining with the existing square matrix to yield 

- .  
0 

0 

0 

0 
- .  

X 

For a nontrivial solution, the determinant of the square coefficient matrix 

must vanish. A physical interpretation of this is that the characteristic 

value(s) are to be determined for which the aerodynamic loads on the models 

are identical to the elastic restoring forces of the model support system. 
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For a given model support system, the deflection influence coefficients are 

constant and for the models the maximum slope for the normal force and 

pitch moment coefficient curves are selected for use with the reference 

planform area and reference chord which are also fixed parameters. This 

leaves the dynamic pressure, $1, as the independent variable for making the 

determinant vanish and it is identified as the divergence dynamic pressure, 

Qdiv. To solve for Qdiv the determinant is set equal to zero, expanded 
into a scaler equation, and solved for the value of Q that makes the 

equation identically zero. Setting the determinant of the coefficient 

matrix equal to zero, 

+ 
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Since the coefficients that premultiply the later three determinants listed 

above are zero, the product of these coefficients with any resulting 

subsequent expansions of the determinants would also be zero. This leaves 

the product of the first coefficient and determinant as the only nonzero 

product in the above expression. Expanding this first determinant in terms 

the products of the elements in the upper row postmultiplied by the 

respective cofactors provides the following: 

Since the coefficient that premultiplies the second determinant is zero, 

its product would be zero and the expansion of the above expression would 
only include terms from the expansion of the first and third determinant. 

The following scaler equation results from expanding the first and third 

determinant and only including the nonzero terms: 

Simplifying 
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Carrying out the multiplications and regrouping into terms of equal powers 

of the dynamic pressure, Q, provides the following quadratic equation: 

The roots to the quadratic equation can be determined from the quadratic 

formula and these roots, or dynamic pressures, are the characteristic 

values that satisfy the characteristic matrix equation. The following 

equation that yields these roots is the compound sting divergence equation, 

where 

c = + 1  

Although this equation yields two mathematical solutions only the minimum 

positive root is of concern and would be the critical divergence dynamic 
pressure for the sting system. A physical interpretation of this root is 
that it is the minimum dynamic pressure where the system becomes unstable 

and beyond which the aerodynamic loads on the models exceed the elastic 

restoring forces of the model support system. 
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CONCLUSION 

The input data that is required for the compound sting divergence equation 

on the preceding page consists of a description of the rotational 

deflection influence coefficients and a definition of the aerodynamic 

loads. This data is needed before a sting divergence dynamic pressure can 
be evaluated using the compound sting divergence equation and it must be 

provided in the proper form. The influence coefficients have to be in 

terms of the rotational deflections per unit loads and the aerodynamic 

loads must be in terms of the rate of change of the normal force per unit 

angle of attack and the rate of change of the pitch moment per unit angle 

of attack. The reference center used to determine the respective 

aerodynamic loads must be relative to the same location that is used to 

evaluate the influence coefficients and the same units, either radians or 

degrees, need to be used throughout. The maximum slope of the normal force 

and pitch moment data can be used concurrently but an alternative approach 

would be to evaluate the worst sting divergence condition based on the 

effects of variations in the slope of the normal force and pitch moment 

data. The aerodynamic coefficient data can be digitized over selected 

ranges of angle of attack and a sting divergence dynamic pressure can be 

evaluated independently over each range. The worst case sting divergence 

condition would then be the minimum sting divergence dynamic pressure. 

This would provide less conservative results but should be acceptable 

provided the slopes for the aerodynamic coefficients change gradually over 

the selected ranges of angle of attack and provided the flexibility 

characteristics of the model support systems are similar. If there are 
any question about the relative differences in the slope or flexibility of 

the two models and model support systems, then the maximum slopes should be 

used. 

The sample problem that is included in Appendix B illustrates the proper 

format for the input data, includes a step by step process of computing 
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results using the compound sting divergence equation, and includes a 

detailed discussion of the results. One of the steps included in the 

development of the input data is the process of transposing the aerodynamic 

loads from the aerodynamic reference center to the respective attachment 

centers of the models at the extreme ends of the model support system. A 

physical interpretation of the mathematical results is included together 

with a comparison to results obtained for a single sting configuration. 

The interpretation of the two sting divergence dynamic pressures that are 

obtained from the quadratic form of the compound sting divergence equation 

is that the minimum positive sting divergence dynamic pressure is the 

critical value that results when the aerodynamic loads on the two lifting 

bodies are additively combined and the maximum sting divergence dynamic 

pressure results from the aerodynamic loads on the two lifting bodies 

acting in opposing directions. Justification of this interpretation is 

through comparisons to results obtained from single sting configurations. 

A reduction in sting divergence dynamic pressure that would result from 

evaluating the sting divergence dynamic pressure from using the compound 

sting divergence equation as compared to the results from predicting sting 

divergence for a simple sting is 26.8 %. The reduction is substantial and 
indicates that for such parallel sting systems, the aeroelastic effects of 

compound stings need to be considered simultaneously. 
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APPENDIX A 
LIST OF SYMBOLS 

a11 

a12 

"13 

"14 

a21 

a22 

a23 

a24 

a31 

a32 

a33 

"34 

a41 

a42 

a43 

a44 

A 

B 

C 

C N ,  

C M ,  
h 

translation of lSt body due to normal force on lSt body 

translation of lSt body due to pitch moment on lSt body 

translation of lSt body due to normal force on 2nd body 
translation of ISt body due to pitch moment on 2nd body 
rotation of lSt body due to normal force on lSt body 

rotation of lSt body due to pitch moment on lSt body 
rotation of lSt body due to normal force on 2nd body 
rotation of ISt body due to pitch moment on Znd body 
translation of Znd body due to normal force on lSt body 
translation of 2nd body due to pitch moment on lSt body 

translation of 2nd body due to normal force on 2nd body 
translation of Znd body due to pitch moment on 2nd body 
rotation of 2nd body due to normal force on lSt body 

rotation of 2nd body due to pitch moment on ISt body 
rotation of 2nd body due to normal force on 2nd body 
rotation of 2nd body due to pitch moment on 2nd body 

first general term in quadratic equation 

second general term in quadratic equation 

third general term in quadratic equation 

change in normal force coefficient per unit angle of attack 

change in pitch moment coefficient per unit angle of attack 

reference mean aerodynamic chord of the respective body 

sting sectional moment of inertia at xi 

pitch moment acting on lSt body 

pitch moment acting on Znd body 
normal force acting on lSt body 
normal force acting on Znd body 
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APPENDIX A 

NF Bi rotational deflection at xi due to normal force 
PM Bi rotational deflection at xi due to pitch moment 
Q general term for dynamic pressure 

Qdiv 
S 

xi 
y1 

y2 

B1 
O2 

the critical divergence dynamic pressure 

reference planform area of the respective body 

general sting coordinate along axis of sting (sting station) 

general translational deflection of ISt body 
general translational deflection of Znd body 
general rotational deflection of lSt body 

general rotational deflection of 2nd body 
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APPENDIX B 
SAMPLE PROBLEM 

To illustrate results obtained from using the equations included in this 

report, a hypothetical sting system was developed using aerodynamic data 

and sting stiffness data from the Divergence Analysis Report for the Bodies 

of Revolution Model Support Systems, Reference 4. A representative 

parallel sting system was developed as shown in Figure 3 using the existing 
data for the E-1 and the E-3 bodies of revolution and respective stings. 
The deflection influence coefficients, that are required in the compound 

sting divergence equation in this report on page 7, were determined by 
applying finite element analysis techniques to a spreadsheet format. The 

spreadsheet data was validated by computing equivalent sting divergence 

pressures with the spreadsheet data and comparing the results to the 

results that were evaluated in the report. Duplicating the sting 

divergence results in the report with the spreadsheet data provided 

confidence in the data that was used to develop the compound sting system. 

Small differences in the results were encountered due to the results in the 

report including effects of aerodynamic drag, that were not included in the 

spreadsheet data, but were not considered to be significant. 

The two stings that were selected from Reference 4 and coupled together to 
form the parallel sting system are identified in Figure 3. The larger E-3 
sting was used in its entirety and the smaller E-1 sting was truncated at 
sting station 159.059 and hard coupled to the larger sting via a rigid 

coupling. The E-1 and E-3 bodies of revolution were positioned such that 
the nose of the smaller E-1 body was slightly aft of the nose of the larger 
E-3 body. These relative positions are representative of how two bodies 

would be mounted in a wind tunnel to study interference effects between 

adjacent models. The significance of identifying the relative positions of 

the bodies is in order to provide a reference center for determining the 
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APPENDIX B 

aerodynamic loads. Using the E-1 and E-3 bodies of revolution and sting 
systems allowed existing sting stiffness data to be used and provided good 

aerodynamic loadings that had already been evaluated. The sting data in 

the report had been optimized to provide sting divergence results that were 
accurate to within one half of one percent. The existing data provided a 

reliable source of data that represented an actual wind tunnel application. 

The technique of developing an equivalent finite element model using a 

spreadsheet format was based on using successively evaluated rotations 

along cantilevered stings. Two independent sting systems were required: 

one for the larger unmodified sting system and one for the smaller 

truncated sting that was rigidly coupled to the aft end of the larger 

sting. Starting from the supported end, and repeating for each sting 

system, the rotations were independently evaluated for both a unit normal 

force and a unit pitch moment. The primary deflection influence 

coefficients for each of the two sting systems consisted of the end 

rotations of each of the respective sting systems due to the unit loads. 

The influence coefficients that represent the cross coupling terms were the 

same as the intermediate rotations of a particular sting system due to the 

unit loads that act on the other sting system. These intermediate 

rotations would be the same as the end rotations at the unloaded ends of 

the sting systems because the unloaded portion of the stings rotate as 

rigid bodies in the absence of end loads. The end loads produce elastic 

rotations from the point of application back to the supported end but for 
the unloaded portion of the sting forward of the rigid link that couples 

the two sting systems together, the rotations would not change. Since the 

aft ends of the two sting configurations were identical, the intermediate 
deflection influence coefficients for one sting system were actually 

determined by evaluating the elasticity of the other sting system. This 
was done to determine the cross coupling terms without having to develop 
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APPENDIX B 

new sting systems with the aerodynamic loads applied in the proper 

locations. Since the elasticity of the stings forward of the coupled joint 
does not effect the rotations aft of the coupled joint, separate math 

models of the stings to account for properly located loads were not 

considered necessary. 

The spreadsheet data that was used to evaluate the deflection influence 

coefficients is listed at the end of this section of the report. The 

deflection influence coefficients that are used in the compound sting 

divergence equation can be found in the spreadsheet data. For the E-3 

sting, the deflection coefficients are equivalent to the intermediate 

rotations at sting station 159.059 and to the end rotations at sting 

station 198.705. For the E-1/E-3 coupled sting the deflection coefficients 

are equivalent to the intermediate rotations at sting station 159.059 and 

to the end rotations at sting station 196.152. The deflection influence 

coefficients that were taken from the spreadsheet data are listed below 

with a brief description, where AOA is an abbreviated form of angle-of- 

attack: 

a21 = 0.0025113005 e (AOA of E-1 due to unit normal force on E-1) 

= 0.0002140412 rad in-lb (AOA of E-1 due to unit pitch moment on E-1) 

a23 = 0.0000610159 e 
aZ4 = 0.0000012991 rad in-lb 

aal = 0.0000610159 e 

(AOA of E-1 due to unit normal force on E-3)  

(AOA of E-1 due to unit pitch moment on E-3) 

(AQA of E-3 due to unit normal force on E-1) 
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APPENDIX B 

a42 = 0.0000012991 & 

a43 = 0.0002085974 e 
(AOA of E-3 due to unit pitch moment on E-1) 

(AOA of E-3 due to unit normal force on E-3) 

a44 = 0.0000079136 _rad in-lb (AOA of E-3 due to unit pitch moment on E-3) 

The aerodynamic loadings as used in the compound sting divergence equation 

are taken from Reference 4 and are given below. The transformation that is 

required to transpose the pitch moment aerodynamic load from the reference 

center of the model to the center of the model attachment to the sting is 

included to illustrate how to transfer the loads from the aerodynamic 

reference center to the center of the model attachment to the sting system,- 

when the locations do not correspond. 

(cNas)l = (T) AcNl 'ref1 = ( rad ) ( 3.37056 in2) 

= 4.828 - i n2 rad (normal force loading for E-1 body) 

1.2605 1.4324 = [( rad ) (22.120 in) - ( rad ) (3.4633 in) (3.37056 in2) 

= 77.259 rad i n3 (pitch moment loading far E-1 body) 

= 38.632 - in2 (normal force loading for E-3 body) rad 

15 



APPENDIX B 

1 = [( 1.2605 rad ) (62.565 in) - ( 1.4324 rad ) (12.2416 in) (26.9703 in2) 

3 
= 1654.043 $ (pitch moment loading for E-3 body) 

The following is an evaluation of the general terms in the quadratic form 
of the compound sting divergence equation. The first term is 

A = [(0.0025113005)(0.0002085974)(4.828)(38.632) 

+ (0.0025113005)(0.0000079136)(4.828)(1654.043) 
+ (0.0002140412)(0.0002085974)(77.259)(38.632) 
+ (0.0002140412)(0.0000079136)(77.259)(1654.043) 
- (0~0000610159)(0.0000610159)(4.828)(38.632) 

- (0.0000610159)(0.0000012991)(77.259)(38.632) 
- (0.0000012991)(0.0000610159)(4.828)(1654.043) 
- (0.0000012991) (0.0000012991) (38.632) (1654.043) ] &I! 1b2 

A = [0.0000977062 + 0.0001587029 i- 0.0001332608 + 0.0002164539 
- 0.0000006944 - 0.0000002366 - 0.0000006330 - 0.0000002157] 1b2 

A = 0.0006043442 in4 
lb2 

16 



APPENDIX B 

The second term is 

B = [- (0.0025113005)(4~828) - (0.0002140412)(77.259) 
- (0.0002085974) (38 - 632) - (0.0000079136) ( 1654.043)] $ 

B = - 0.0498090777 # 
and the third term is 

c = + l  

Substituting these values into the general compound sting divergence 

equation and solving for the two roots, 

- - B * d  B2 - 4*A*C 
Qdiv - 2*A 

- - (- .0498090777) f 4 ( - . 0498090777)2 - 4*(. 00006043442)*( 1) 
Qdiv - 2*(.00006043464) 

Ib (4984 B) minimum 
i n2 
Ib (6884 a) maximum 
I n2 

ft2 

f t2 

34.61285 - 
Odiv = { 47.80554 - 

lb 
in 

The minimum value of 4984 is the critical divergence dynamic pressure in 

terms of "psf" for the compound sting illustrated in Figure 3.  The other 

value of 6884 - Ib is attributed to the aerodynamic loads on the two bodies 
being subtractively combined in lieu of being additively combined. 

ft2 

17 



APPENDIX B 

The following can be used to illustrate the relative effect on dynamic 

pressure that results from combining the two single model support systems 

from Reference 4 into the parallel model support system that is shown in 
Figure 3. A comparative sting divergence dynamic pressure for the E-1 and 
the E-3 bodies can be independently evaluated from the spreadsheet data by 
combining the respective rotational deflection influence coefficients with 

the corresponding aerodynamic loads for each of the two bodies. This would 

be equivalent to independently testing each body separately on the parallel 

model support system without any aerodynamic effects from the sting 

segments. In the following computations Qdivl is for the sting system with 
the E-1 body only and Qdiv3 is for the sting system with the E-3 body only: 

1 
'divl = a21(CNcuS)1 + a22(CMaSh)l 

1 

( .0025113005 9) (4.828 s) + ( .0002140412 &) (77.259 2) Qdivl = 

(5024 a ) Divergence for E-1 body only 
f t2 Qdivl = 34.890 - 

i n2 

- 1 
Qdiv3 - "4.3 ( cNas 12  + a44 ( 'MaSh 2 

1 
( .0002085974 e) (38.632 d) rad + ( .0000079136 ?fb) (1654.043 s) Qdiv3 = 

lb (6809 ) Divergence for E-3 body only 
i n2 f t2 

Qdiv3 = 47.286 - 
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Note that the above 5024 psf sting divergence pressure for the E-1 body 

only and 6809 psf sting divergence pressure for the E-3 body only are 
nested between the sting divergence pressures of 4984 psf and 6884 psf that 

were obtained from the compound sting divergence equation. This supports 
the conclusions that the minimum sting divergence pressure results from 

additively combining the aerodynamic loads from the two bodies and that the 

maximum sting divergence pressure results from subtractively combining the 

aerodynamic loads. In addition it is presumed that the minimum sting 

divergence pressure obtained from the compound sting divergence equation is 
the result of adding the smaller E-1 body adjacent to the model support 

system for the larger E-3 body. Based on that presumption the minimum 

sting divergence dynamic pressure evaluated from the compound sting 

divergence equation represents a reduction in the sting divergence dynamic 

pressure of the E-3 sting system, the following expresses that reduction as 
a percentage: 

Qdiv (for compound sting) 
Qdiv3 (for simple sting) x 100% Percent Reduction in Qdiv - - 

4984 psf x 100 % - 
- 6809 psf 

= 73.2 % 

A comparison was not made to the E-1 sting system because the support for 

the E-1 body was considered more as addition to the E-3 sting system rather 
than as the basic sting configuration. 

There are some small differences between the above sting divergence results 

and the results reported in Reference 4. The reasons for the differences 

are due to the model support systems not being modeled exactly the same and 

not including drag with the other aerodynamic loads. The above value of 

5024 psf for the E-1 body only is lower than the corresponding sting 
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divergence dynamic pressure of 5422 psf that was determined in Reference 4 

because the sting system used in the spreadsheet data is more flexible. 

The forward end of the E-1 sting was extended, to suit the parallel sting 
configuration modeled with the spreadsheet data, and the affects of the 

additional flexibility overpowered the effects of excluding aerodynamic 

drag, resulting in a lower sting divergence dynamic pressure. For the E-3 
body the above sting divergence dynamic pressure of 6809 psf is higher than 

value of 6473 psf reported in Reference 4. The E-3 sting is basically the 
same in both configurations and the higher value obtained from the 

spreadsheet data is attributed to not having included the effects of 
aerodynamic drag. The effects of drag were excluded from the spreadsheet 

data in order to simplify the sample problem and were not considered 

necessary to illustrate the new technique included in this report. The 

only difference in the sting configurations was the method of supporting 

the stings. For the spreadsheet data the sting was cantilevered and in 

Reference 4 the sting was supported by a more comprehensive definition of 
the aft end of the model support system. The effect of the differences in 
the sting configurations was insignificant in comparison to the effects of 

drag and would only slightly lower the divergence pressure predicted by the 

spreadsheet data. 

The following pages are the referenced listing of the LOTUS spreadsheet 
data that was used to evaluate the deflection influence coefficients. 
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Figure 1. Parallel Sting System 
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